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Abatmct-The title problem is analyzed for small variations in viscosity by using a perturbation procedure. 
Consideration is restricted to incompressible, flat plate flow. The results show that appreciable stabilization 
may occur in water or other liquids, while air is slightly destabilized. Reasonable agreement with previous 

experimental results in air is obtained. 

NOMENCLATLJRE 

x, coordinate along plate [ft]; 

Y, coordinate normal to plate [ft] ; 

u, v, fluid velocity components in x and y 
directions respectively [ft/s] ; 

T. fluid temperature [“K] ; 

x*, Reynolds number based on 

x = P.&P,; 
fi,f& functions shown in Fig. 1. 

Greek symbols 
fluid density [lbfs2:ft4] ; 
fluid viscosity [lbfs/ft2] ; 
thermal diffusivity [ft’/s] ; 
dimensionless temperature, 

-_ T - T, . 
T, - T, ’ 

mechanical and thermal boundary- 
layer thickness respectively [ft] ; 
dimensionless coordinates y/S and 
Y/b, respectively ; 
dimensionless ratio Jr/6 ; 
velocity profile shape factor ; 
measure of viscosity variation, defined 
in equation (4); 
Reynolds number based on 

6 = &J/&. 

t Assistant Professor 

Subscripts 
a, freestream conditions ; 

0”: 
wall conditions; 
zero order conditions (no heat trans- 
fer). 

INTRODUCTION 

JJ HAS long been recognized that the stability of a 
laminar boundary layer is markedly affected 
by heat transfer. In at least some cases, this 
phenomenon arises from changes in curvature 
of the velocity profile due to variation of fluid 
viscosity with temperature [l]. In this short 
note, an attempt is made to compute the change 
in the point of stability in a laminar, incompres- 
sible boundary layer on a flat plate held at 
constant temperature in a uniform flow. The 
von KBrmAn integral method is used to deter- 
mine the variation of the velocity profile shape 
factor along the plate. Viscosity is assumed to 
change only slightly with temperature, and the 
resulting non-linear simultaneous differential 
equations are solved by a perturbation proce- 
dure. The resulting profile shape factor is then 
used to compute the instability criterion by 
adapting Schlichting’s procedure for computing 
transition on airfoils [2] to the present problem. 

ANALYSIS 

For the sake of brevity, only the essential 
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features of the computation are presented 
here, and the interested reader is referred to 
[6] for further details. 

The appropriate boundary-layer equations 
for the problem stated in the introduction are 

&+aU=,, 
ax ay 

au au i a au 
uz+vay=pay Pay 9 ( > (1) 

a9 de a28 
uax+v6=a~ 

Here x is the coordinate along the plate, and 
the fluid viscosity alone is assumed to vary with 
temperature. 

We transform these equations by the usual 
von K&n&n integral method, and following 
Pohlhausen assume velocity and temperature 
profiles of the form 

u/u, = 2q - 2?$ + T/4 

+&‘1-3$+3~3-‘14), 

e = 1 - 2qr + 2& - )1;. (2) 

The boundary-layer equations (1) become 

=2+;, 

6* A -& (S*A[&(A) + J&(A)]) = j$ (3) 
w 

In these equations we have placed 

a* Qua* x* PUC& =-) =-) 
L& H, 

where 6 is the usual hypothetical boundary- 
layer thickness and A is 6&i, the ratio of thermal 
to mechanical boundary-layer thicknesses. The 
functions H,(A) and H,(A) are polynomial 
expressions of A given by Dienemann [3], and 
the shape factor 1 is determined by 

12& A= -- 
34 + E’ 

where 

Thus the quantity. E physically represents the 
percentage change in viscosity through the 
heated boundary layer, and may be algebraically 
positive or negative depending on the fluid 
considered For slight variations in viscosity, E 
can be made arbitrarily small. With fluids 
having moderate values of Prandtl number the 
quantity A is of order one, so that the parameter 
I is of order E. Moreover because of the choice 
of dimensionless quantities terms such as 
6* dJ*/dx* are also of order one, while 6* 
itself is of order 10’. Hence for small variations 
in viscosity, we seek solutions to equations (3) 
by expanding 6* and A in simple power series 
of the small parameter E as follows; 

6* = s: + Eb: + &f + . . . , 

A = A,, + &At + &‘A, + . . . . 

Substituting the above expressions for 6* 
and A into equations (3) and collecting like 
powers of E, we obtain a set of uncoupled linear, 
ordinary differential equations which were solved 
up to order 2. Since actual solutions for 6* and 
A are only intermediate quantities in computing 
the stability criterion, they are not presented 
at this point. 

Knowledge of the variation in 1 along the 
plate from equation (4) and the solutions for 6* 
now allows us to determine the point of insta- 
bility. Schlichting and Uhich [4] have computed 
the stability characteristics for a class of single 
parameter velocity profiles such as equations (2) 
by an Ort-Sommerfeld analysis. Reference [2] 
cites that for small values of L, the critical 
Reynolds number (based on displacement thick- 
ness) is given by Re, = 645 exp (06 A). By com- 
puting the Reynolds number based on dis- 
placement thickness along the plate and equating 
it to this critical ‘value, we obtain a simple 
algebraic equation involving x*, E, and the 
Prandtl number Pr,. Solving for x*, the 
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dimensionless point of instability may be ex- 
pressed as 

x* = Xo*[l + &(Pr,) + &2f2(PrW) + 1.. -J. (5) 

The quantity xg is the Reynolds number based 
on x at the point of instability with no heat 
transfer. 

RESULTS AND DfSCUSSION 

The functions fi and fi have been computed 
for a range of Prandtl numbers and are shown 
in Fig. 1. These functions can be approximately 
expressed as 

fi 2: 4.65 P& 

fz “y 15.5 P& 

so that the ratio of Reynolds number at the 
point of instability to the same quantity with 

FIG. I. The functionsf,,f, vs. Prandtl number. 

no heat transfer present may finally ne given as 

x* 
- = 1 + 465P&& + 15-5Pr$&t + .*.. 
xl: 

(6) 

Equation (6) has been plotted in Fig. 2 for air 
and water at 1 atm and 20°C. It can be seen that 

nG. 2 Ratio of Reynolds number at the point of instability 
to the same quantity with no heating vs temperature 
difkrcntial (for air and water at 1 atm and 20°C). Dashed 

tines from [SJ; T is the frtcstrcam turbulence fevel. 

very strong stabilization should occur in water 
with as little as 10 degC temperature differential, 
while air is destabilized only with much larger 
di~~rentials. 

As far as the author is aware, the only direct 
experimental measurements of transition as 
affected by heat transfer (in subsonic flow) are 
those of Liepmarm and Fila [53. Their results 
have been replotted in Fig. 2, along with results 
predicted by equation (6) In comparing the 
results for air, it should be noted that equation 
(6) refers to the point of instability, whereas the 
experimental results are for the point of transi- 
tion, so that a direct comparison is not valid. 
Nonetheless equation (6) predicts the correct 
trend of result, and the curve shown for water 
in Fig. 2 presumably may be used with reason- 
able confidence. 

Finally it must be realized that actual transi- 
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tion is more complicated a phenomenon than 3. 
Schlichting’s procedure admits, and the present 
results should only be regarded as estimates. 
Reference [2] contains a critical review of 4. 

Schlichting’s method. 
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Rhmd-Le problbme inonddans le titre est analyse pour de petites variations de la viscositt en employant 
une mtthode de perturbation. 

On s’est restreint a I%coulement incompressible le long d’une plaque plane. Les rtsultats montrent 
qu’une stabilisation appreciable peut se produire dans I’eau ou d’autres liquides, tandis que I’on a une 
leg&e dtstabilisation dans I’air. Un accord raisonnable est obtenu avec des rtsultats experimentaux 

anttrieurs. 

Zuaammenfaaaung-Das in der Uberschrift genannte Problem wird fiir kleine jinderungen der Ziihigkeit 
mit Hilfe eines StrCmungsverfahrens analysiert Die Betrachtungen sind auf die inkompressible Stromung 
entland einer ebenen Platte beschrankt. Die Ergebnisse zeigen, dass in Wasser und andcren Fltissigkeiten 
eine merkliche Stabilisierung eintreten kann, wlhrend Luft geringfiigig instabiler wird. Zufriedenstellende 

Ubereinstimmung mit neueren Versuchsergebnissen an Luft wird erhalten. 

Anst~onqaa_-M~TOROM B03Yj’maHHR piICCMiITpHB33TCR 33a393 0 BJIHRHKH BK3KOCTK, 
saemnruoit 0~ TemnepaTypu, Ha ycToiWnBocTb naMnkiapHor0 norpatuii4Horo cnorr npn 
H36OJIbiUSiX H3MeHaHHnX BR3KOCTll. 

PilCCMOTpeHK3 Ol'paHHWHO 06TeKaHHeM nJlOCKOi flJI3CTKHbl HeCH(kIMaf?MbIM IIOTOKOM 
H(SiZJKOCTW. P33yJIbTaTbI llOK33bIBalOT, 4TO cTa6nnn3asnn MMWT MWTO EJIR BOW M JqQ'lWX 
?+Gf~KOCT3ti,TOr~Ei KPK KlOTOK BO3ZfYX3 H3CKOJlbKO HQ'CTO#WIB. 

nOJIyWH0 XOpOIU33 COOTBeTCTBW3 C yHt3 HMHOIl&HMMCfl fl3HHbIMM RJIK BO3gj'Xa. 


